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TOPOLOGY OF LAGRANGIAN FIBRATIONS AND
HODGE THEORY OF HYPER-KA¨HLER MANIFOLDS
JUNLIANG SHEN AND QIZHENG YIN
Abstract. We establish a compact analog of the P = W conjecture.
For a holomorphic symplectic variety with a Lagrangian fibration, we
show that the perverse numbers associated with the fibration match
perfectly with the Hodge numbers of the total space. This builds a
new connection between the topology of Lagrangian fibrations and the
Hodge theory of hyper-Ka¨hler manifolds. We present two applications
of our result, one on the topology of the base and fibers of a Lagrangian
fibration, the other on the refined Gopakumar–Vafa invariants of a K3
surface. Furthermore, we show that the perverse filtration associated
with a Lagrangian fibration is multiplicative under cup product.
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0. Introduction
0.1. Perverse filtrations. Throughout the paper, we work over the com-
plex numbers C.
Let π : X → Y be a proper morphism with X a nonsingular algebraic va-
riety. The perverse t-structure on the constructible derived category Dbc(Y )
induces an increasing filtration on the cohomology H∗(X,Q),
(1) P0H
∗(X,Q) ⊂ P1H∗(X,Q) ⊂ · · · ⊂ PkH∗(X,Q) ⊂ · · · ⊂ H∗(X,Q),
called the perverse filtration associated with π. See Section 1 for a brief
review of the subject.
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The filtration (1) is governed by the topology of the map π : X → Y .
Some important invariants are the perverse numbers
phi,j(X) = dimGrPi H
i+j(X,Q) = dim
(
PiH
i+j(X,Q)/Pi−1H
i+j(X,Q)
)
.
The purpose of this paper is to study the perverse filtrations and perverse
numbers of Lagrangian fibrations associated with holomorphic symplectic
varieties.
0.2. Integrable systems. Perverse filtrations emerge in the study of inte-
grable systems. An interesting example is given by the Hitchin system
(2) h :MDol → CN
associated with the moduli space MDol of semistable Higgs bundles on
a nonsingular curve C. The morphism (2), called the Hitchin fibration,
is Lagrangian with respect to the canonical holomorphic symplectic form
on MDol given by the hyper-Ka¨hler metric on MDol.
The topology of the Hitchin fibration has been studied intensively over the
past few decades. Among other things, a striking phenomenon was discov-
ered by de Cataldo, Hausel, and Migliorini [7]. It predicts that the perverse
filtration of MDol matches the weight filtration of the mixed Hodge struc-
ture on the corresponding character variety MB via Simpson’s nonabelian
Hodge theory.
More precisely, Simpson constructed in [41] a canonical diffeomorphism
between the moduli spaceMDol of rank n Higgs bundles and the correspond-
ing character variety MB of rank n local systems.1 The induced canonical
isomorphism
H∗(MDol,Q) = H∗(MB ,Q)
is then expected to identify the perverse filtration of MDol and the weight
filtration of MB ,
PkH
∗(MDol,Q) =W2kH∗(MB ,Q) =W2k+1H∗(MB ,Q), k ≥ 0.
Such a phenomenon is now referred to as the P = W conjecture. See [7, 8,
39, 47] for more details and recent progress in this direction.
By [40], all cohomology classes in H∗(MB ,Q) are of Hodge–Tate type.
In particular, we have
H∗(MB ,Q) =
⊕
k,d
kHdgd(MB).
1Following [7], we shall only consider Higgs bundles of degree 1. The corresponding
local systems are on C\{pt} with monodromy e
2pi
√
−1
n around the point. This ensures
that no strictly semistable Higgs bundles appear and all local systems are irreducible. In
particular, the corresponding moduli spaces MDol and MB are nonsingular.
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with
kHdgd(MB) =W2kHd(MB ,Q) ∩ F kHd(MB ,C) ∩ F kHd(MB ,C).
Here F ∗ is the Hodge filtration and F
∗
is the complex conjugate. Hence,
as a consequence of the P = W conjecture, the perverse numbers associ-
ated with the Hitchin fibration (2) should equal the Hodge numbers of the
corresponding character variety
hi,j(MB) = dim
(
jHdgi+j(MB)
)
.
Conjecture 0.1 ([7] Numerical P =W ). We have
phi,j(MDol) = hi,j(MB).
The Hodge numbers hi,j(MB) have been studied in [17, 18]. A closed
formula was conjectured in [17, Conjecture 1.2.1] in terms of combinatorial
data.
Furthermore, the perverse numbers phi,j(MDol) appear naturally as re-
fined Gopakumar–Vafa invariants, which count curves on the local Calabi–
Yau 3-fold
T ∗C ×C;
see [13, 34] and Section 0.4.2 for more discussions.
0.3. Lagrangian fibrations. Let M denote a holomorphic symplectic va-
riety2, or equivalently, an algebraic compact hyper-Ka¨hler manifold. A com-
pact analog of a completely integrable system is a Lagrangian fibration
(3) π :M → B
with respect to the holomorphic symplectic form σ on M ; see e.g. [2].3 It
can be viewed as a higher-dimensional generalization of a K3 surface with
an elliptic fibration.
The main result of this paper reveals a perfect match between the per-
verse numbers phi,j(M) associated with the Lagrangian fibration (3) and the
Hodge numbers hi,j(M).
Theorem 0.2 (Numerical “Perverse = Hodge”). For any holomorphic sym-
plectic variety M with a Lagrangian fibration π :M → B, we have
(4) phi,j(M) = hi,j(M).
2This means M is a simply connected nonsingular projective variety with H0(M,Ω2M )
spanned by a nowhere degenerate holomorphic 2-form σ. In particular, we always as-
sume M to be compact.
3By definition, the base B of a Lagrangian fibration is always assumed to be normal.
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The connection between Theorem 0.2 and Conjecture 0.1 can be seen
from the following differential geometric point of view.
Let MdR denote the de Rham moduli space parametrizing rank n flat
bundles. By [19, 42], the complex structure of MdR is obtained via a
hyper-Ka¨hler rotation from the complex structure of MDol. Moreover, the
Riemann–Hilbert correspondence implies that the character variety MB is
biholomorphic to MdR,
MDol HK rot.−−−−−→MdR bihol.−−−→MB .
Hence Conjecture 0.1 suggests that the perverse numbers associated with
the Hitchin fibration (2) can be calculated from Hodge theory after a certain
hyper-Ka¨hler rotation ofMDol composed with a biholomorphic transforma-
tion. Since the Hodge numbers of a compact hyper-Ka¨hler manifold do
not change after hyper-Ka¨hler rotations or biholomorphic transformations,
we can view Theorem 0.2 as a compact analog of the numerical P = W
conjecture.
A stronger and “more than numerical” version of Theorem 0.2 is given
in Theorem 3.1. Note that unlike the original P = W , here one does not
expect a naive identification of the perverse and Hodge filtrations. The
perverse filtration is topological and stays defined with Q-coefficients after
hyper-Ka¨hler rotations or biholomorphic transformations, while the Hodge
filtration is highly transcendental. Hence the matching necessarily involves
nontrivial “periods”.
0.4. Applications. We discuss two applications of Theorem 0.2.
0.4.1. Topology of the base and fibers of a Lagrangian fibration. A central
question in the study of the Lagrangian fibration (3) is the following.
Question 0.3. Is the base B always isomorphic to a projective space?
Question 0.3 has been studied in [22, 29, 30, 31]. Notably, Hwang [22] gave
an affirmative answer assuming B nonsingular. Without this assumption,
the answer is known only in dimension up to 4 by the recent work [5, 21]
based on the earlier [36].
The following theorem answers a cohomological version of Question 0.3
without any assumption on the base. It also computes the invariant coho-
mology classes on the fibers of π : M → B in all degrees. This generalizes
Matsushita’s results [31, 32]; see also [35] which assumes B ≃ Pn.
Theorem 0.4. Let M be a holomorphic symplectic variety of dimension 2n
equipped with a Lagrangian fibration π :M → B. Then
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(a) the intersection cohomology of the base B is given by
IHd(B,Q) =
{
〈βk〉, d = 2k;
0, d = 2k + 1,
where β is an ample divisor class on B; in particular, we have
IHd(B,Q) ≃ Hd(Pn,Q);
(b) the restriction of Hd(M,Q) to any nonsingular fiber Mb ⊂ M is
given by
Im
{
Hd(M,Q)→ Hd(Mb,Q)
}
=
{
〈ηk|Mb〉, d = 2k;
0, d = 2k + 1,
where η is a π-relative ample divisor class on M .
Theorem 0.4 is a direct consequence of Theorem 0.2; see Section 3.2.
Via the bridge in (4), we see that the holomorphic symplectic form on M
effectively controls the topology of the base and fibers of π :M → B.
0.4.2. Curve counting invariants. Perverse numbers play an important role
in recent constructions of curve counting invariants. For a Calabi–Yau 3-
fold X and a curve class β ∈ H2(X,Z), Gopakumar and Vafa [16] predicted
integer-valued invariants
ng,β ∈ Z
counting genus g curves on X lying in the class β. The Gopakumar–Vafa
(GV) or BPS invariants are expected to govern all the Gromov–Witten
(GW) invariants Ng,β of X and β; see [37] for more details.
Recently, following the ideas of [20, 26], Maulik and Toda [34] proposed
a definition of GV invariants via the Hilbert–Chow morphism
(5) hc :Mβ → Chowβ(X).
Here Mβ is the moduli space of 1-dimensional stable sheaves on X with
Supp(F) = β, χ(F) = 1,
and Chowβ(X) is the corresponding Chow variety. WhenMβ is nonsingular,
the invariants ng,β take the form∑
i∈Z
χ
(
pHi(Rhc∗QMβ [dimMβ])
)
yi =
∑
g≥0
ng,β(y
1
2 + y−
1
2 )2g.
In particular, the perverse numbers phi,j(Mβ) associated with the map (5)
determine and refine the GV invariants ng,β.
If X is the local Calabi–Yau 3-fold T ∗C × C, the Hilbert–Chow mor-
phism (5) is induced by the Hitchin system (2); see [34, Section 9.3]. Hence
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Conjecture 0.1 together with [17, Conjecture 1.2.1] provides complete an-
swers to the refined GV invariants of T ∗C × C.
Analogously, if X is the Calabi–Yau 3-fold S × C with S a K3 surface,
the map (5) is induced by the Beauville–Mukai system
π :M → Pn.
HereM is a holomorphic symplectic variety of K3[n]-type with n = 12β
2+1.
The following theorem is a direct consequence of Theorem 0.2.
Theorem 0.5. Let X = S × C with S a K3 surface, and let β ∈ H2(X,Z)
be a curve class.4 Then
(a) (Multiple cover formula) the invariant ng,β only depends on g and
the intersection number β2;
(b) (GW/GV correspondence) we have
∑
g≥0,β>0
Ng,βλ
2g−2tβ =
∑
g≥0,β>0,k≥1
ng,β
k
(
sin
(
kλ
2
))2g−2
tkβ.
Here Ng,β is the genus g reduced GW invariant of X (or S) in the
class β.
For curve classes β with different divisibilities, the fibrations (5) are not
deformation equivalent. However, by Theorem 0.2, the invariants ng,β (more
generally, the perverse numbers phi,j(Mβ)) only rely on the dimension of
the moduli space Mβ thus independent of the fibration (5). This verifies
Theorem 0.5 (a).
The reduced GW invariants of a K3 surface in all genera and all curve
classes were computed in [33, 38], proving a conjecture of Katz–Klemm–
Vafa [24]. Theorem 0.2 provides a direct calculation of all the refined GV
invariants of a K3 surface in terms of the Hodge numbers of the Hilbert
schemes of points on a K3 surface, in perfect match with the Katz–Klemm–
Vafa formula. This verifies Theorem 0.5 (b) and offers a conceptual expla-
nation why the enumerative geometry of K3 surfaces is related to the Hodge
theory of the Hilbert schemes of K3 surfaces.
Previously, the GV invariants of a K3 surface in primitive curve classes
were computed in [20, 25, 26] using the concrete geometry of the Hilbert
schemes of points and moduli spaces of sheaves on aK3 surface. See also [23]
for another proposal of the refined GV invariants of a K3 surface and its
relation with the Maulik–Toda proposal.
4The result holds equally for certain curve classes β on nontrivial K3-fibered Calabi–
Yau 3-folds X. Here we ask that β is supported on a K3 surface fiber, and that the base
curve of X is transverse to the Noether–Lefschetz locus NLβ. In this case, the map (5) is
also induced by the Beauville–Mukai system; see [23, Appendix A].
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0.5. Idea of the proof. The proof of Theorem 0.2 compares two structures,
one on each end of the equality (4). It manifests some form of symmetry
between holomorphic symplectic geometry and hyper-Ka¨hler geometry.
On the perverse side, there is an action of sl2 × sl2 on the graded pieces⊕
i
GrPi H
∗(M,Q),
which arises from the decomposition theorem package and keeps track of
the perverse grading. An important observation is that for M holomor-
phic symplectic, this action admits a natural lifting to H∗(M,Q) via the
Beauville–Bogomolov form of M .
On the Hodge side, the key ingredient is the action of a special orthog-
onal Lie algebra on the cohomology H∗(M,C) of a compact hyper-Ka¨hler
manifold M . An action of so(5) was first discovered by Verbitsky [43], and
was used to keep track of the Hodge grading. It was later generalized in
[44, 45] to an action of
so(b2(M) + 2),
where b2(M) is the second Betti number of M ; see also [27].
Finally, we construct a certain variation of so(5)-actions over the Zariski
closure of the space of twistor lines. This provides a “continuous deforma-
tion” from the decomposition theorem package associated with π : M → B
to the Hodge decomposition of M ; see Theorem 3.1. The dimensions of the
weight spaces are conserved under this variation, giving Theorem 0.2.
A similar argument also yields the multiplicativity of the perverse fil-
tration on H∗(M,Q). This is of independent interest and is included in
Appendix A.
0.6. Acknowledgements. We are grateful to Mark Andrea de Cataldo,
Javier Fresa´n, Haoshuo Fu, Daniel Huybrechts, Zhiyuan Li, Davesh Maulik,
Ben Moonen, Wenhao Ou, Rahul Pandharipande, Botong Wang, Chenyang
Xu, Zhiwei Yun, and Zili Zhang for helpful discussions about perverse fil-
trations, the P =W conjecture, and hyper-Ka¨hler manifolds.
Q. Y. was supported by the NSFC Young Scientists Fund 11701014.
1. Perverse filtrations
We begin with some relevant properties and examples of the perverse
filtration associated with a proper surjective morphism π : X → Y . The
standard references are [3, 10, 12, 46]. For simplicity, we assume X nonsin-
gular projective and Y projective throughout this section.
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1.1. Perverse sheaves. Let Dbc(Y ) denote the bounded derived category of
Q-constructible sheaves on Y , and let D : Dbc(Y )
op → Dbc(Y ) be the Verdier
duality functor. The full subcategories
pDb≤0(Y ) =
{
E ∈ Dbc(Y ) : dimSupp(Hi(E)) ≤ −i
}
,
pDb≥0(Y ) =
{
E ∈ Dbc(Y ) : dimSupp(Hi(DE)) ≤ −i
}
give rise to the perverse t-structure on Dbc(Y ), whose heart is the abelian
category of perverse sheaves,
Perv(Y ) ⊂ Dbc(Y ).
For k ∈ Z, let pτ≤k be the truncation functor associated with the perverse
t-structure. Given an object C ∈ Dbc(Y ), there is a natural morphism
(6) pτ≤kC → C.
For the map π : X → Y , we obtain from (6) the morphism
pτ≤kRπ∗QX → Rπ∗QX ,
which further induces a morphism of (hyper-)cohomology groups
(7) Hd−(dimX−r)
(
Y, pτ≤k(Rπ∗QX [dimX − r])
)
→ Hd(X,Q).
Here
r = dimX ×Y X − dimX
is the defect of semismallness. The k-th piece of the perverse filtration (1)
PkH
d(X,Q) ⊂ Hd(X,Q)
is defined to be the image of (7).5
1.2. The decomposition theorem. The perverse numbers can be ex-
pressed through the decomposition theorem [3, 10]. By applying the de-
composition theorem to the map π : X → Y , we obtain an isomorphism
(8) Rπ∗QX [dimX − r] ≃
2r⊕
i=0
Pi[−i] ∈ Dbc(Y )
with Pi ∈ Perv(Y ). The perverse filtration can be identified as
PkH
d(X,Q) = Im
{
Hd−(dimX−r)(Y,
k⊕
i=0
Pi[−i])→ Hd(X,Q)
}
,
and hence
GrPi H
i+j(X,Q) ≃ Hj−(dimX−r)(Y,Pi).
5Here the shift [dimX − r] is to ensure that the perverse filtration is concentrated in
the degrees [0, 2r].
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In particular, the perverse numbers are given by the dimensions
(9) phi,j(X) = hj−(dimX−r)(Y,Pi).
For simplicity, we assume from now on the condition
(10) dimX = 2dim Y = 2r.
The decomposition (8) then implies that the perverse number phi,j(X) is
nontrivial only if
0 ≤ i ≤ 2r, 0 ≤ j ≤ 2r.
Moreover, there are symmetries
phi,j(X) = ph
2r−i,j
(X) = ph
i,2r−j
(X)
obtained from the relative hard Lefschetz theorem associated with the map
π : X → Y and the hard Lefschetz theorem of the base variety Y .
Hence, under the condition (10), the perverse numbers behave like the
Hodge numbers of a compact Ka¨hler manifold of dimension 2r.6
1.3. Q[η, β]-modules. Let η ∈ H2(X,Q) be a relative ample class with
respect to the map π : X → Y , and let β ∈ H2(X,Q) be the pullback of
an ample class on the base variety Y . The actions of η and β on the total
cohomology H∗(X,Q) via cup product satisfy
η : PkH
i(X,Q)→ Pk+2H i+2(X,Q),
β : PkH
i(X,Q)→ PkH i+2(X,Q).
By the hard Lefschetz theorems, they induce a primitive decomposition on
the vector space
H =
⊕
i,j≥0
GrPi H
i+j(X,Q).
Under the the condition (10), the primitive decomposition takes the form
(11)
⊕
0≤i,j≤r
Q[η]/(ηr−i+1)⊗Q[β]/(βr−j+1)⊗ P i,j ∼−→ H
with P i,j ⊂ GrPi H i+j(X,Q).
In general, the decomposition (11) does not lift canonically to a splitting
of the perverse filtration on H∗(X,Q); see [6, 14]. The following result
provides a criterion for the existence of a canonical splitting.
6However, the symmetry phi,j(X) = phj,i(X) does not hold in general even under the
condition (10). A counterexample is given by the projection pi : C × P1 → P1 with C a
higher genus curve.
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Proposition 1.1. Let π : X → Y be a map satisfying (10). Assume further
that the actions of η and β on H∗(X,Q) via cup product induce a primitive
decomposition of the form
(12)
⊕
0≤i,j≤r
Q[η]/(ηr−i+1)⊗Q[β]/(βr−j+1)⊗ V i,j ∼−→ H∗(X,Q)
with V i,j ⊂ H i+j(X,Q). Then we have
(a) V i,j ⊂ PiH i+j(X,Q);
(b) the decomposition (12) splits the perverse filtration, i.e.,
PkH
d(X,Q) =
⊕
2a+i≤k
2a+2b+i+j=d
ηaβb V i,j;
(c) dim V i,j = dimP i,j, where P i,j is as in (11).
Proof. We first prove (a). Assume that v ∈ V i,j does not lie in PiH i+j(X,Q).
Then there exists k > i such that
v ∈ PkH i+j(X,Q), v /∈ Pk−1H i+j(X,Q).
The hard Lefschetz theorem implies that the equivalence class
[v] ∈ GrPkH i+j(X,Q)
satisfies
(13) βr−(i+j−k)[v] 6= 0 ∈ GrPkH2r−(i+j)+2k(X,Q).
On the other hand, by definition we have βr−j+1v = 0. This contradicts (13)
since r − (i+ j − k) ≥ r − j + 1.
We now prove (b). In [14, Section 2], Deligne constructed a splitting of
the perverse filtration associated with π : X → Y , which only depends on
the choice of a relative ample class on X. Here we use Deligne’s splitting
with respect to η and we follow closely the notation in [7, Section 1.4.3].
For d ≥ 0, 0 ≤ i ≤ r, and 0 ≤ j ≤ r − i, Deligne’s construction provides
a splitting
(14) Hd(X,Q) =
⊕
i,j
Qi,j;d
which satisfies the following properties:
(i) PkH
d(X,Q) = ⊕i+2j≤kQi,j;d;
(ii) for 0 ≤ j < r − i, we have
η Qi,j;d = Qi,j+1;d+2;
(iii) [7, Lemma 1.4.3] for v ∈ PkHd(X,Q), if ηr−k+1v = 0, then we have
v ∈ Qk,0;d.
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We compare our decomposition (12) with Deligne’s decomposition (14).
First, by (a) and the property (iii) above, we have⊕
2b+i+j=d
βb V i,j ⊂ Qi,0;d.
Hence for 0 ≤ a ≤ r − i, we obtain from (ii) that
(15)
⊕
2a+2b+i+j=d
ηaβb V i,j ⊂ Qi,a;d.
Finally, since⊕
i,j,d
⊕
2a+2b+i+j=d
ηaβb V i,j = H∗(X,Q) =
⊕
i,a,d
Qi,a;d,
every inclusion in (15) is an identity. Together with the property (i), this
shows (b).
Part (c) is a direct consequence of (b). 
Remark 1.2. In fact, our argument shows that under the hypothesis of
Proposition 1.1, all three splittings in [14] as well as the two additional
splittings in [6] coincide; see [6, Proposition 2.6.3].
1.4. Examples. We give several concrete examples which demonstrate the
necessity of the holomorphic symplectic/Lagrangian condition and the per-
verse t-structure.
We consider π : X → Y to be a proper surjective morphism from a non-
singular surface to a nonsingular curve with connected fibers. In particular,
the condition (10) holds. Let j : Y ◦ →֒ Y be the maximal subcurve of Y
such that the restricted map
π◦ = π|Y ◦ : X◦ → Y ◦
is smooth.
By [11, Theorem 3.2.3], the decomposition theorem (8) for π : X → Y
takes the form
(16) Rπ∗QX [1] ≃ QY [1] ⊕
(
j∗R
1π◦∗QX◦ [1] ⊕
⊕
y∈Y \Y ◦
Qny−1y
)
[−1]
⊕ (QY [1])[−2].
Here ny denotes the number of irreducible components of the fiber over y,
and QY [1] and j∗R
1π◦∗QX◦ [1] ⊕⊕y∈Y \Y ◦Qny−1y are perverse sheaves on Y .
1.4.1. K3 surfaces. Let X be a K3 surface equipped with an elliptic fibra-
tion π : X → Y . Then we have Y = P1, and the formula (9) together with
the decomposition (16) implies that
ph0,0(X) = ph
0,2
(X) = ph
2,0
(X) = ph
2,2
(X) = 1.
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Since the perverse Leray filtration degenerates at the E2-page, we find∑
i+j=k
ph
i,j
(X) = bk(X)
with bk(X) the k-th Betti number. Hence
ph0,1(X) = ph
1,0
(X) = ph
1,2
(X) = ph
2,1
(X) = 0, ph1,1(X) = 20.
In total, we have
(17) phi,j(X) = hi,j(X)
which verifies Theorem 0.2 for elliptic K3 surfaces.
The following examples show that the equality (17) breaks down if we
replace the K3 surface by a rational elliptic surface, or replace the perverse
filtration by the naive Leray filtration.
1.4.2. Elliptic surfaces. We do a similar calculation for a rational elliptic
surface π : X → P1. Here X is obtained as the blow-up of 9 points on P2.
The nontrivial perverse numbers are
ph0,0(X) = ph
0,2
(X) = ph
2,0
(X) = ph
2,2
(X) = 1, ph1,1(X) = 8.
However, the nontrivial Hodge numbers of X are given by
h0,0(X) = h2,2(X) = 1, h1,1(X) = 10.
Hence the equality (17) does not hold for an arbitrary elliptic surface.
1.4.3. Leray versus perverse. Let τ≤k be the truncation functor associated
with the standard t-structure on Dbc(Y ). Then we define the Leray filtration
LkH
d(X,Q) = Im
{
Hd(Y, τ≤kRπ∗QX)→ Hd(X,Q)
}
,
and the corresponding numbers
lhi,j(X) = dimGrLi H
i+j(X,Q) = dim
(
LiH
i+j(X,Q)/Li−1H
i+j(X,Q)
)
.
At first glance, the Leray filtration seems a natural object to encode the
topology of the fibration π : X → Y . However, the next example shows that
the perverse filtration and the perverse numbers behave more nicely in view
of Theorem 0.2.
As before, we consider a K3 surface with an elliptic fibration π : X → P1.
By the decomposition (16), we find
lh2,0(X) = h0(Y,QY ⊕
⊕
y∈Y \Y ◦
Qny−1y ) = 1 +
∑
y∈Y \Y ◦
(ny − 1).
In particular, the numbers lhi,j(X) are sensitive to the topology of the sin-
gular fibers of π : X → P1, and are not deformation invariant.
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On the other hand, the calculation in Section 1.4.1 shows that the perverse
numbers of elliptic K3 surfaces are deformation invariant.7 This matches
Theorem 0.2 since the Hodge numbers are deformation invariant.
2. Hyper-Ka¨hler manifolds
This section concerns the Hodge side. We first review Verbitsky’s con-
struction of an so-action on the cohomology of a compact hyper-Ka¨hler
manifold following [27, 43, 44, 45]. Then we study a certain variation of
so(5)-actions over the Zariski closure of the space of twistor lines. We shall
see in Section 3 that variations of so(5)-actions play the same role as hyper-
Ka¨hler rotations in the conjectural P =W picture. Throughout this section,
let M be a compact hyper-Ka¨hler manifold of complex dimension 2n.
2.1. The so(5)-action. A hyper-Ka¨hler manifold is a Riemannian mani-
fold (M,g) which is Ka¨hler with respect to three complex structures I, J ,
and K satisfying the quaternion relations
I2 = J2 = K2 = IJK = −1.
We view (M, I) as a complex manifold which admits a hyper-Ka¨hler struc-
ture, and we use ωI , ωJ , and ωK to denote the corresponding Ka¨hler classes
in H2(M,C).
By the hard Lefschetz theorem, each Ka¨hler class ω∗ (∗ ∈ {I, J,K}) gives
rise to a Lefschetz triple (L∗,H,Λ∗) acting on the cohomology H
∗(M,C),
ρ∗ : sl2 → End(H∗(M,C)).
Here
L∗ : H
i(M,C)→ H i+2(M,C), L∗(v) = ω∗ ∪ v,
H : H i(M,C)→ H i(M,C), H(v) = (i− 2n)v,
and the action
Λ∗ : H
i(M,C)→ H i−2(M,C)
is uniquely determined by L∗ and H. We recall the main result of [43].
Theorem 2.1 (Verbitsky [43]). The three sl2-actions ρI , ρJ , and ρK gener-
ate an so(5)-action on the cohomology H∗(M,C), with
h =
〈
H,H ′ = −√−1[LJ ,ΛK ]
〉
⊂ so(5)
a rank 2 Cartan subalgebra. Moreover, the corresponding weight decompo-
sition of H∗(M,C) coincides with the Hodge decomposition of the Ka¨hler
manifold (M, I).
7We refer to [9] for more discussions about deformation invariance of the perverse
numbers.
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For the second statement, let
H∗(M,C) =
⊕
i,j
H i,j(M),
be the Hodge decomposition of M . Then for any v ∈ H i,j(M) we have
H(v) = (i+ j − 2n)v, H ′(v) = (i− j)v.
2.2. Larger so-actions. The cohomology algebraH∗(M,C) is a Frobenius–
Lefschetz algebra in the sense of Looijenga–Lunts [27]. Recall the scaling
H : H i(M,C)→ H i(M,C), H(v) = (i− 2n)v.
An element ω ∈ H2(M,C) is called of Lefschetz type if there is an associated
Lefschetz triple (Lω,H,Λω) acting on H
∗(M,C),
ρω : sl2 → End(H∗(M,C)).
The structure Lie algebra g(M) ⊂ End(H∗(M,C)) is defined to be the Lie
subalgebra generated by ρω for all ω ∈ H2(M,C) of Lefschetz type.
The following theorem of Verbitsky extends the so(5)-action to a larger
so-action on the cohomology H∗(M,C).
Theorem 2.2 (Verbitsky [44, 45]). The structure Lie algebra g(M) is iso-
morphic to so(b2(M) + 2), where b2(M) is the second Betti number of M .
See also [27, Section 4] for another proof of this result.
2.3. Twistor lines. As is explained in [44, Introduction], the key to the
proof of Theorem 2.2 is the following observation.
Let qM (−) denote the Beauville–Bogomolov quadratic form on the sec-
ond cohomology H2(M,C), and let (−,−)M be the corresponding bilinear
form [1]. Given a hyper-Ka¨hler structure (g, I, J,K) onM , the three Ka¨hler
classes ωI , ωJ , and ωK satisfy
(18)
qM(ωI) = qM(ωJ) = qM(ωK),
(ωI , ωJ)M = (ωJ , ωK)M = (ωK , ωI)M = 0.
Let Hyp be the classifying space of the hyper-Ka¨hler structures on M .
We consider the map
(19) Hyp→ H2(M,C)×H2(M,C)×H2(M,C)
which sends a hyper-Ka¨hler structure (g, I, J,K) to the triple (ωI , ωJ , ωK).
By (18), the image of (19) lies in the subvariety
D ⊂ H2(M,C)×H2(M,C)×H2(M,C)
defined by the quadratic equations{
(x, y, z) : qM(x) = qM (y) = qM(z), (x, y)M = (y, z)M = (z, x)M = 0
}
.
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The key observation is a density statement, which is a consequence of the
Calabi–Yau theorem and local Torelli.
Proposition 2.3. The image of (19) is Zariski-dense in D. In particular,
all algebraic relations which hold for triples (ωI , ωJ , ωK) still hold for all
(x, y, z) ∈ D where the relations are defined.
Proof. It was shown in [1, 44] that the image of (19) is Zariski-dense in the
real points D(R) of the complex algebraic variety D. Hence it suffices to
verify that D(R) is Zariski-dense in D.
We consider the rational dominant map
f : D 99K Gr(3, b2(M))
sending a triple (x, y, z) ∈ D to the linear subspace 〈x, y, z〉 ⊂ H2(M,C). If
〈x, y, z〉 ∈ Gr(3, b2(M))(R)
and the restriction of qM (−) to 〈x, y, z〉 is definite, then the real points are
Zariski-dense in the fiber of f over 〈x, y, z〉. On the other hand, the defi-
nite 3-spaces are Zariski-dense in Gr(3, b2(M))(R), hence in Gr(3, b2(M)).
This concludes the density of D(R) in D. 
Remark 2.4. We shall see in the proof of Theorem 3.1 that the complex
points of D play an essential role in capturing the perverse filtration asso-
ciated with a Lagrangian fibration. It is therefore crucial to work over the
total complex variety D rather than the twistor lines lying in D(R).
2.4. Variations of so-actions. We construct a family of so(5)-actions on
the cohomology H∗(M,C).
To begin with, let ω ∈ H2(M,C) be an element such that qM (ω) 6= 0.
Since the elements of Lefschetz type are Zariski-dense in H2(M,C), the
operator
Lω : H
i(M,C)→ H i+2(M,C), Lω(v) = ω ∪ v
belongs to the structure Lie algebra g(M). Then, by Theorem 2.2 and the
Jacobson–Morozov theorem, we know that Lω is part of an sl2 ⊂ g(M).
On the other hand, since the self-intersection number
∫
M ω
2n is a nonzero
multiple of qM (ω)
n 6= 0 (called the Fujiki constant [15]), we find that the
scaling in this sl2 is
H : H i(M,C)→ H i(M,C), H(v) = (i− 2n)v.
Hence ω ∈ H2(M,C) is of Lefschetz type. We denote (Lω,H,Λω) the Lef-
schetz triple and
ρω : sl2 → End(H∗(M,C)).
the corresponding action.
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Now let D◦ ⊂ D be the Zariski-open subset of points (x, y, z) satisfying
(20) qM(x) = qM (y) = qM(z) 6= 0, (x, y)M = (y, z)M = (z, x)M = 0.
Given a point (x, y, z) ∈ D◦, each ∗ ∈ {x, y, z} induces a Lefschetz triple
(L∗,H,Λ∗) and an sl2-action ρ∗ on H
∗(M,C).
Corollary 2.5. For every p = (x, y, z) ∈ D◦, the three sl2-actions ρx, ρy,
and ρz generate an so(5)-action
ιp : so(5)→ End(H∗(M,C)).
Proof. This is a direct consequence of Theorem 2.1 and Proposition 2.3. In
fact, the so(5)-relations among L∗, H, and Λ∗ (∗ ∈ {I, J,K}) have been
calculated explicitly in [43, (2.1)]. Now since L∗ and Λ∗ (∗ ∈ {x, y, z})
exist and are algebraic over D◦, Proposition 2.3 implies the same relations
among L∗, H, and Λ∗ (∗ ∈ {x, y, z}) for all (x, y, z) ∈ D◦. 
A Cartan subalgebra of the so(5) in Corollary 2.5 is given by
h =
〈
H,H ′ = −√−1[Ly,Λz]
〉
⊂ so(5).
There is the associated weight decomposition
H∗(M,C) =
⊕
i,j
H i,j(ιp)
such that for any v ∈ H i,j(ιp), we have
H(v) = (i+ j − 2n)v, H ′(v) = (i− j)v.
By the Whitehead lemma, finite-dimensional representations of semisim-
ple Lie algebras are rigid. Since the so(5)-actions vary algebraically over D◦,
the dimensions of the weight spaces H i,j(ιp) are conserved.
Corollary 2.6. For every pair p, p′ ∈ D◦, we have
dimH i,j(ιp) = dimH
i,j(ιp′)
for all i, j.
3. “Perverse = Hodge” and applications
Combining the structures in Sections 1 and 2, we prove a compact analog
of the P = W conjecture; see Theorem 3.1. Theorem 0.2 then follows as a
corollary. Finally, we show that Theorem 0.2 implies Theorem 0.4. From
now on, letM be a holomorphic symplectic variety of dimension 2n equipped
with a Lagrangian fibration π :M → B.
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3.1. “Perverse = Hodge”. We first view M as a compact hyper-Ka¨hler
manifold. Recall the subvariety
D◦ ⊂ D ⊂ H2(M,C)×H2(M,C)×H2(M,C)
given in (20). By Corollary 2.5, there is an so(5)-action
ιp : so(5)→ End(H∗(M,C))
attached to every point p ∈ D◦.
We now construct an sl2 × sl2-action from ιp for any p ∈ D◦ as follows.
Let (x, y, z) be the coordinates of p. We consider the elements
σp = y +
√−1z ∈ H2(M,C), σ¯p = y −
√−1z ∈ H2(M,C).
They satisfy
qM (σp) = qM (σ¯p) = qM(y)− qM(z) = 0, (σp, σ¯p)M 6= 0.
Note that if p = (ωI , ωJ , ωK) ∈ D◦, then σp is precisely the class of the
holomorphic symplectic form on M .
Let (L∗,H,Λ∗) be the Lefschetz triple associated with ∗ ∈ {x, y, z}. Then
Lσp =
1
2
(Ly +
√−1Lz), Λσp =
1
2
(Λy −
√−1Λz), Hσp = [Lσp ,Λσp ]
form an sl2-triple (Lσp ,Hσp ,Λσp) ⊂ so(5). Similarly, we define the sl2-triple
associated with σ¯p by
Lσ¯p =
1
2
(Ly −
√−1Lz), Λσ¯p =
1
2
(Λy +
√−1Λz), Hσ¯p = [Lσ¯p ,Λσ¯p ].
Then (Lσp ,Hσp ,Λσp) and (Lσ¯p ,Hσ¯p ,Λσ¯p) induce an sl2 × sl2-action asso-
ciated with the so(5)-action ιp. The connection between the sl2× sl2-action
and the so(5)-action is the following: a vector v ∈ H∗(M,C) has weight
H(v) = (i+ j − 2n)v, H ′(v) = (i− j)v
with respect to the Cartan subalgebra
h =
〈
H,H ′ = −√−1[Ly,Λz]
〉
⊂ so(5)
if and only if it has weight
Hσp(v) = (i− n)v, Hσ¯p(v) = (j − n)v
under the sl2× sl2-action. In particular, the weight decompositions of these
two actions coincide.
By [4], if an element w ∈ H2(M,C) satisfies qM(w) = 0, then
wn+1 = 0 ∈ H2n+2(M,C).
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Hence the weight decomposition of the so(5)-action ιp yields a primitive
decomposition
(21)
⊕
0≤i,j≤n
Q[σp]/(σ
n−i+1
p )⊗Q[σ¯p]/(σ¯n−j+1p )⊗W i,jp ∼−→ H∗(M,C)
for the induced sl2 × sl2-action.
We now connect the representation-theoretic description of H∗(M,C) to
the perverse filtration associated with the Lagrangian fibration π :M → B.
We assume that β ∈ H2(M,C) is the pullback of an ample class on B.
Then for any ample class η′ onM , the signature of the Beauville–Bogomolov
form implies that there is a unique λ ∈ Q satisfying
qM(η
′ + λβ) = 0.
We use η to denote this π-relative ample class η′ + λβ ∈ H2(M,C). In
particular, we have
qM(η) = qM(β) = 0, η
n+1 = βn+1 = 0.
By a direct calculation, we can find a point p = (x, y, z) ∈ D◦ such that
σp = η, σ¯p = β.
From (21), we see that the cohomology H∗(M,C) (viewed as a Q[η, β]-
module) admits a primitive decomposition of the form (12) with r = n.
Proposition 1.1 then implies that the perverse filtration on H∗(M,C) as-
sociated with π : M → B has a canonical splitting given by the weight
decomposition of the so(5)-action ιp.
In conclusion, we have proven the following structural theorem.
Theorem 3.1. Let M be a holomorphic symplectic variety equipped with
a Lagrangian fibration π : M → B, and let D◦ be as in (20). Then there
exist two points p, p′ ∈ D◦ such that the weight decomposition of ιp splits
the perverse filtration associated with π, and the weight decomposition of ιp′
coincides with the Hodge decomposition of M .
The action
ιp : so(5)→ End(H∗(M,C))
attached to a point p ∈ D◦ can be viewed as a “generalized” hyper-Ka¨hler
rotation from the original hyper-Ka¨hler structure p′ = (ωI , ωJ , ωK) ∈ D◦.
By Corollary 2.6, Theorem 0.2 is a direct consequence of Theorem 3.1.
3.2. Proof of Theorem 0.4. We apply the decomposition theorem [3] to
the Lagrangian fibration π :M → B,
Rπ∗QM [n] =
2n⊕
i=0
pHi(Rπ∗QM [n])[−i].
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For (a), let β ∈ H2(B,Q) be an ample class. Since B is of dimension n,
we have βn 6= 0. This gives a nontrivial class
βk ∈ IH2k(B,Q)
for every k ≤ n. Hence it suffices to show that for k ≤ n, we have
dim IHd(B,Q) ≤
{
1, d = 2k;
0, d = 2k + 1.
Since π has connected fibers, there is a decomposition
pH0(Rπ∗QM [n]) = ICB ⊕F , F ∈ Perv(B).
By the expression (9) of the perverse numbers, we find
dim IHd(B,Q) ≤ dimHd−n
(
B, pH0(Rπ∗QM [n])
)
= ph0,d(M).
On the other hand, Theorem 0.2 says that for k ≤ n, we have
ph0,d(M) = h0,d(M) =
{
1, d = 2k;
0, d = 2k + 1.
For (b), let η ∈ H2(M,Q) be a π-relative ample class. Since π is of
relative dimension n, we have ηn|Mb 6= 0 for any nonsingular fiber Mb ⊂M .
This gives a nontrivial class
ηk|Mb ∈ Im
{
H2k(M,Q)→ H2k(Mb,Q)
}
for every k ≤ n. Hence it suffices to show that for k ≤ n, we have
dim Im
{
Hd(M,Q)→ Hd(Mb,Q)
}
≤
{
1, d = 2k;
0, d = 2k + 1.
Let B◦ ⊂ B be the locus supporting nonsingular fibers of π, and let
π◦ = π|B◦ :M◦ → B◦
be the restriction. There is a commutative diagram
Hd(M,Q) Hd(M◦,Q)
H−n
(
B, pHd(Rπ∗QM [n])
)
H0(B◦, Rdπ◦∗QM◦) H
d(Mb,Q),
where the horizontal arrows are given by restrictions, and the vertical ar-
rows are given by edge morphisms of (perverse) Leray spectral sequences.
Moreover, the composition
Hd(M,Q)→ Hd(Mb,Q)
is also the restriction.
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Again, by the expression (9), we find
dim Im
{
Hd(M,Q)→ Hd(Mb,Q)
}
≤ dimH−n
(
B, pHd(Rπ∗QM [n])
)
= phd,0(M).
This time Theorem 0.2 says that for k ≤ n, we have
phd,0(M) = hd,0(M) =
{
1, d = 2k;
0, d = 2k + 1.
The proof of Theorem 0.4 is now complete. 
Appendix A. Multiplicativity of perverse filtrations
This appendix is devoted to the multiplicativity of the perverse filtration
associated with a Lagrangian fibration. Recall the moduli spaces MDol
andMB in Section 0.2. On one hand, the P =W conjecture implies that the
perverse filtration associated with the Hitchin fibration (2) is multiplicative
under cup product, i.e.,
(22) PkH
d(MDol,Q)× Pk′Hd′(MDol,Q) ∪−→ Pk+k′Hd+d′(MDol,Q).
On the other hand, the multiplicativity (22) is also expected to play an
essential role in the proof of the P = W conjecture. This is because the
tautological classes onMDol, whose weights are calculated explicitly onMB
in [40], are ring generators of the cohomology
H∗(MDol,Q) = H∗(MB ,Q).
We refer to [7, 28, 39, 47] for more discussions on tautological classes, mul-
tiplicativity, and P =W .
We now prove a compact version of (22). In the spirit of Theorem 0.4,
we shall see that the multiplicativity of the perverse filtration is controlled
effectively by Hodge theory.
Theorem A.1. For a holomorphic symplectic variety M with a Lagrangian
fibration π : M → B, the perverse filtration on H∗(M,Q) is multiplicative
under cup product, i.e.,
PkH
d(M,Q)× Pk′Hd′(M,Q) ∪−→ Pk+k′Hd+d′(M,Q).
Recall the variety D◦ introduced in (20). By Corollary 2.5, each point
p = (x, y, z) ∈ D◦ gives rise to an so(5)-action
ιp : so(5)→ End(H∗(M,C)).
There is a weight decomposition
H∗(M,C) =
⊕
i,j
H i,j(ιp)
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with respect to the Cartan subalgebra
h =
〈
H,H ′ = −√−1[Ly,Λz]
〉
⊂ so(5).
Here for any v ∈ H i,j(ιp), we have
H(v) = (i+ j − 2n)v, H ′(v) = (i− j)v.
In view of Theorem 3.1 and the canonical splitting of the perverse filtra-
tion on H∗(M,C), Theorem A.1 is implied by the following more general
statement.
Proposition A.2. For every p ∈ D◦, we have
(23) H i,j(ιp)×H i′,j′(ιp) ∪−→ H i+i′,j+j′(ιp).
Proof. We first show that Poincare´ duality satisfies
(24) H i,j(ιp)
∗ = H2n−i,2n−j(ιp).
For this we look at the class of the diagonal
∆ ∈ H4n(M ×M,C).
The duality Hd(M,C)∗ = H4n−d(M,C) corresponds to the Ku¨nneth com-
ponent
∆4n−d,d ∈ H4n−d(M,C)⊗Hd(M,C).
We consider the induced so(5)-action on the tensor product
H∗(M ×M,C) = H∗(M,C)⊗H∗(M,C).
Here for any v ∈ H i,j(ιp)⊗H i′,j′(ιp), we have
H(v) = (i+ i′ + j + j′ − 4n)v, H ′(v) = (i+ i′ − j − j′)v.
The duality (24) is equivalent to
∆4n−d,d ∈
⊕
i+j=d
H2n−i,2n−j(ιp)⊗H i,j(ιp).
Then it is enough to show that H ′(∆) = 0.
If p = (ωI , ωJ , ωK) ∈ D◦ for some hyper-Ka¨hler structure (g, I, J,K),
then (24) holds by Hodge theory, and hence H ′(∆) = 0. Now since H ′
varies algebraically over D◦, the density statement of Proposition 2.3 im-
plies H ′(∆) = 0 for all p ∈ D◦.
We use exactly the same argument to prove (23). The cup product on
H∗(M,C) is governed by the class of the small diagonal
∆3 ∈ H8n(M ×M ×M,C).
More precisely, the product
Hd(M,C)×Hd′(M,C) ∪−→ Hd+d′(M,C)
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corresponds via Poincare´ duality to the Ku¨nneth component
∆4n−d,4n−d
′,d+d′
3 ∈ H4n−d(M,C)⊗H4n−d
′
(M,C)⊗Hd+d′(M,C).
This time we consider the induced so(5)-action on the tensor product
H∗(M ×M ×M,C) = H∗(M,C)⊗H∗(M,C)⊗H∗(M,C).
Then for any v ∈ H i,j(ιp)⊗H i′,j′(ιp)⊗H i′′,j′′(ιp), we have
H(v) = (i+ i′+ i′′+ j+ j′+ j′′− 6n)v, H ′(v) = (i+ i′+ i′′− j− j′− j′′)v.
Using (24), we see that (23) is equivalent to
∆4n−d,4n−d
′,d+d′
3 ∈
⊕
i+j=d
i′+j′=d′
H2n−i,2n−j(ιp)⊗H2n−i′,2n−j′(ιp)⊗H i+i′,j+j′(ιp).
Again, it is enough to show that H ′(∆3) = 0. For p = (ωI , ωJ , ωK) ∈ D◦,
this holds by Hodge theory, and the general case follows from Proposi-
tion 2.3. This completes the proof of Proposition A.2. 
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